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ABSTRACT

We prove that for a fixed non-archimedean place v of a totally real number
field F', the traces of the associated Langlands classes of holomorphic
cuspidal representations of GL2(A) with trivial central character and of
prime levels is equidistributed with respect to the measure

qu +1
dpy () = - dpico (),
(q11)/2 + qv 1/2) 2

2z

where g, is the norm of the prime ideal corresponding to v and dpo () =

=/ 1- %dz is the Sato-Tate measure. This generalizes a result of Sarnak
[Sa] on the distribution of Hecke eigenvalues of modular forms. The proof
involves establishing a trace formula for the Hecke operators. While not
explicit, this trace formula can be used as a starting point for generalizing

the Eichler-Selberg trace formula to totally real number fields.

1. Introduction

Let (X, u) be a topological measure space. Let Sy, Sa, ...,
of finite multisets with elements in X. Let |S;| be the cardinality of S;. We
say {S;} is equidistributed with respect to du (or p-equidistributed) if for any

continuous function f on X, we have

ZzGS f /
lim flx)du(x
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S;,... be a sequence
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If a1, a9, ... is a sequence of points of X, we say that {a,} is p-equidistributed
if {S;} is p-equidistributed where S; = {a1,...,a;} (see [Sel]).

Let F' be a number field. Let A be the adele ring of F'. If 7 is a cuspidal auto-
morphic representation of GLa(A), for each place v at which 7 is unramified, let
Ay (m) denote the associated Langlands class in GLy(C), which is represented
by a diagonal matrix (“'* ,,, ). Let A,(7) denote the trace of this class. The
numbers aq,, o, can also be called Satake parameters. The general Ramanujan
conjecture predicts that |, | = 1, or equivalently, |\, (7)| < 2. The proof of the
conjecture for GLy holomorphic cuspidal representations over Q can be found
in Deligne [De] and Deligne-Serre [DS]. Brylinski and Labesse [BL, Theorem
3.4.6] showed that the conjecture is true at almost all primes for GLo holo-
morphic cuspidal representations over a totally real field F'. Recently, the full
conjecture (at all places, when all weights are > 2) was proved by Blasius [Bl],
with a parity condition on the weights. The parity requirement was removed in
the thesis of his student L. Nguyen [Ng].

If the central character of m is trivial and m is a genuine cuspidal repre-
sentation ([Sh, Definition 3.3]), the Sato-Tate conjecture predicts that the set
{A\y(7) : v with 7, unramified} is equidistributed with respect to the Sato-Tate
measure
o) (o) Y- Tdr itre 2,2,

0 otherwise.
See [Sh], [Se2, Chapter 1] and [Mu, Lecture 1]. A recent major breakthrough can
be found in Taylor [Ta]. He proved the Sate-Tate conjecture for automorphic
representation m of GLy(A) for which m, is a weight 2 discrete series represen-
tation for all the archimedean valuations v and for which the local component
at some finite place is an unramified twist of the Steinberg representation.

In this paper, we do not prove these conjectures, which are still open in
general. Instead, we use an idea introduced by Sarnak [Sa] for finding the
distributions of Hecke eigenvalues for fixed v as levels vary. See also [Sel] and
[CDF].

From now on we assume F' is totally real and has degree » > 2 over Q. Let
Ng,q be the norm map. Let o1,...,0, be the embeddings of F' into R. Let
01, . ..,00, be the corresponding valuations. Let ¢ be the map from F' to R"
defined by o(z) = (01(x),...,0.(x)). Let O be the ring of integers. For a
nonzero integral ideal a, let N(a) = |O/a| denote the absolute norm. Let O
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denote [, .., Ov, where v < 00 is the set of non-archimedean valuations. Let
Ag, be the set of finite adeles. We freely identify the set with 1., X Agy, C A.

Let G = GLo, and let Z denote its center. We freely identify Z(A) with A*
throughout this paper. Let G denote Z\G. Generally, if S is a subset of G, S
denotes the image of S in Z\G. Let Koo, = {ko = ( %7, 59)} be a compact

—sin @ cos @
subgroup of G(Fx,) = G(R). Let Koo = [[_; K,. Let K, = GL2(0,)
be the standard maximal compact subgroup of G(F,). Let Ka, = GLQ(@) =
[I,<o0 Ko be the standard maximal compact subgroup of G(Agy). Let K =
Ko Kgy.

Let L? = L*(G(F)\G(A)) be the space of square integrable functions on
G(F)\G(A). Let R denote the right regular representation of G(A) on LZ.
Denote by L3 the subspace of cuspidal functions. The restriction of R to L3
is denoted by Ry. We know that Ry decomposes as a discrete sum of irre-
ducible representations (see [GGPS, Chapter 3, Section 4.6]). These are the
cuspidal representations. Every cuspidal representation 7 can be factorized as
a restricted tensor product of irreducible admissible local representations ®7TU
with 7, unramified almost everywhere (see [F1]).

Let 91 be an integral ideal. Let v be a non-archimedean valuation. Define
groups

Ko(,) = {(Z Z) €K, : cem}, Ko@) = ] Ko().

V<0

These are open compact subgroups of G(F,) and G(Agy), respectively. Let
k = (kq,...,k,) be an rtuple of integers, each greater than 2. Let IT (1) be
the set of cuspidal representations 7 in L3 for which:

1. Tn = ®v<ooﬂ'v contains a nonzero Ko (M)-fixed vector;
2. oo, = Ty, (the discrete series representation of G(R) of weight k;, see
[KL, Chapter 11]), for i =1,...,r.

The set of such 7 is finite (see [BJ, Section 1]). Because the central character

is trivial, we can assume ki, ...,k, are even numbers.

THEOREM 1.1: Let v be a non-archimedean valuation of F and let p be its
corresponding prime ideal. Let q, = N(p). Let {9} be a sequence of prime
ideals different from p. Suppose M; — oo when i — oo; here < — oo means
N() — oo. Then the family of multisets S; = {A,(m) : 7 € I(M;)} is



344 CHARLES LI Isr. J. Math.

equidistributed with respect to the measure
g +1
(@ + a2~

The theorem is a generalization of [Sel, Theorem 2]. The proof of this theorem

3) dpuy () = , Qoo (2)-

is given in Section 4. As in [Sel], the proof relies on a trace formula for Hecke
operators. The trace formula is interesting on its own and is given in Theorem
3.21. We closely follow [KL]. This trace formula can be a starting point for
generalizing the Eichler-Selberg trace formula to Hilbert modular forms.

Here are some interesting applications of Theorem 1.1 from [Sel].

COROLLARY 1.2: Let I C R be an interval. Then the proportion of \,(w) € I
among {\, () : m € I(;)} tends to [, du,(x) when i — oo.

Proof. Let f be the characteristic function of I in (1).
COROLLARY 1.3: {A,(7) : m € IIt(MN;)} is dense in [—2,2].

Proof. This follows from the fact that C”Z;w) is a strictly positive function on
[-2,2].

This shows that the bound 2 given in the Ramanujan conjecture is optimal,
because there are infinitely many A, (7) in the interval [2 — €, 2] for any € > 0.

I would like to thank Andrew Knightly and Jean-Pierre Serre for their com-
ments.

2. Test functions

Let oo, = mx, be the discrete series representation of G(R) with weight k;.
When 7 is a discrete series representation, denote by w, a lowest weight vector
of m with norm one. Define

(4) A = P Cur, @ un,, @rpe™,
TEI (M)

M is the subspace of K((91)-fixed vectors in the space of mgy,.

Ko

where g
The absolute value on F), is defined by the relation d(ax) = |a|dx, where dx
is a Haar measure on F,. The Haar measure on A is normalized such that

meas(F\A) = 1. For v < oo, the Haar measure on F; is normalized such
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that meas(O}) = 1. The Haar measure on G(F,) is normalized such that
meas(K,) = 1.

Let m be a representation of a group G. Let f be an element in L'(G). For
w in 7, define 7(f)w = [, f(g)m(g)wdg. In this section we construct a function
f such that the operator on L? defined by
) R(Pola) = [ flg)oteg)dy

G(A)
has finite rank ( < dim Ax(MN)), and acts like a Hecke operator on Ax ().

Let M be the diagonal subgroup of G. Let N = {(! %)} be the unipotent
subgroup. Let B = MN be the set of upper triangular matrices. Define a
homomorphism H : M — R by (3 9) — log ‘ ’g‘ . We can extend H to a function
on G(A) by H(g) = H(m) if g = mnk,m € M(A),n € N(A) and k € K. This
is the height function on G(A).

2.1. CONSTRUCTION OF TEST FUNCTIONS. Let f be a function on G(A). We
assume f is a product of local functions on G(F,):

f=fookin =[] Foor T] for
i=1

v<00

where f, is the characteristic function of K, for almost every v.

For the non-archimedean places, we take f, to be a bi-K(91,)-invariant func-
tion whose support is compact modulo Z(F,). We now specify the local factors
of f more precisely. Let n, 91 be two integral ideals. We further assume that
(n,M) = 1. Let R be a ring. Denote by M>(R) the set of 2 by 2 matrices over
R. For fixed v, define a set

a b

M(n,,M,) = {g = <C d> € My(0,): c €My, (det(g)) = nv}.

Let x, be the characteristic function of M (n,, 9, ). Define
(6) fo = P(M)xo-
Here (see [KL, Lemma 13.1])
»(My) = meas(Ko(My)) " = [K, : Ko(M)]
g (g, + 1) if ord,(91) > 0
B 1 if ord, (M) =0
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The factor ¥»(M,) in f, is to ensure that when v t n, m,(fy)w = w if w is a
Ko(M,)-fixed vector. Define (M) = [, .o ¥ (My). Write

fr=rn=11 £

V<00
The notation N in fg; is usually dropped when it is clear from the context.
Let k be an integer. Let 7, be the discrete series representation of G(R)
of weight k. Denote by wy a lowest weight vector for m; with norm one. Let
dy, be the formal degree of 7. Let fr(g) be the normalized matrix coefficient
di (T (9)wk, wi). Explicitly, if g = (¢%), then ([KL, Section 14])

(k—1) det(g)*/2(2i)* .
(7) fulg) = { 47 (Shreratad)d* if det(g) >0

0 otherwise.

This function is absolutely integrable if and only if k£ > 2. Define

foo,-, = fkw fk = kal

i=1
It is easily seen that when det(g) > 0,
(k; — 1) 2ki (det g)ki/?
4 (a® 4 b% + 2+ d? + 2| det g|)k:/2”
The adjoint of R(f) is R(f)* = R(f*), where f*(g) = f(¢g~'). A simple cal-
culation shows that when f = fif", f* = f. Therefore, R(f) is a self-adjoint
operator.

(8) [fooi(9) = [ fr: (9)] =

Unless otherwise stated, we assume f = fi f* throughout this paper.
2.2. IMAGE OF R(f).

LEMMA 2.1: Let k > 2 be an integer. Let ¢1,g2 € G(R). Then
/ fr(g1ng2)dn = 0.
N(R)

Proof. Write n = (1 {)7

C
At + B)k’

where A, B and C' are complex numbers depending on g1, g2. Because fx(g1ng2)

is finite as a function of n € N(R), (Ath)k

theorem, it is easily shown that ffooo (A&ié)k =0.

Jr(gings) = (

has no poles on R. By the residue
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PROPOSITION 2.2: Suppose f = fif". Then R(f) maps
Ax(N) — A(N)
and vanishes on Ay (M)*, the orthogonal complement of A, (M) in L2.

Proof. ([KL, p. 216-p. 219]) Since R(f) is a self-adjoint operator, R(f)
annihilates Im(R(f))*: suppose w € Im(R(f))*, then for any u € L2
0= (R(f)u,w) = (u, R(f)w). Therefore, R(f)w must be 0.

To prove the proposition, it suffices to show that Im R(f) C Ax(MN).

First, suppose ¢ € L? is bounded, so that |¢(g)| < M for some M. For any
g € G(A), the constant term of R(f)¢ is given by

/ R(f)¢(ng) dn = / [/ f(z)p(ngz) daz] dn.
N(F)\N(A) N(F)\N(A) |/G(A)

This double integral is absolutely convergent since
/ | 1 @)(nga)| dodn < M meas(NENN ) < .
N()\N(A) JG(A)

Therefore, by Fubini’s theorem,

/ R(f)é(ng) dn
N(F)\N(A)
_ / [/ Flg~'n ' 2)o(z) daz] dn
N(F)\N(A) |/G(A)

_ /N — [ / o 2 Tt 8n)o@)d ]

aeN(F)

= / l/ (g~ n2) dn] d(x)de =0
N(F)\G(A) [/N(A)

by Lemma 2.1. Thus R(f)¢ is cuspidal for bounded ¢ € L?. Such functions are
dense in L2. Because R(f) is a continuous operator and the cuspidal subspace
is closed, R(f)¢ is cuspidal for all ¢ € L?*(w). This shows that Im R(f) C LZ.
Hence, R(f) annihilates L2

It remains to show that for w € L, R(f)w € Ax(M). Because L? is the
closure of the direct sum of cuspidal representations, it suffices to prove that
R(f)w € Ax(M) for any w in a cuspidal representation 7. It is known that
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T = Tooy @+ @ Moo, @ Tan. Without loss of generality, we can take w =
w1 Q- @ w, @ wan. Then

9) R(f)w = (® Wooi(fooi)wi) ® Tfin (foin) Whin-

By the orthogonality properties of matrix coefficients (see [KL, Corollary 10.26]
for the strong version of Schur orthogonality we use here), moo, (foo; )w; = 0 un-
less oo, & my,. Assuming oo, = my,, We have oo, (foo,)wi € Cwy,, . Because
fan is left Ko(MN)-invariant, R(fan)wan is Ko(91)-invariant. This completes the
proof.

2.3. 7’S THAT APPEAR IN THE GEOMETRIC SIDE.

LEMMA 2.3: Suppose f, is defined as in Section 2.1. Suppose g = (° g) €
G(F,) and that (det(g)) = n,. Then f,(g) # 0 if and only if g € M>(O,) and
c €Ny, Le., if and only if g € M (n,,N,).

Proof. f,(g) # 0 if and only if g = zm, with z € Z(F,), m € M(n,,N,).
Taking determinants we see that z is a unit in O, (identifying Z(F,) with FF).
Thus z can be absorbed into m, so g € M(n,,M,) as required.

If a is a fractional ideal of F', use [a] to represent the corresponding ideal class
in the ideal class group of F'. Consider the following equation in the ideal class

group of F:

(10) 1 = [b]%[n].

Suppose [b1],...,[b¢] are the solutions of the equation. We can assume that
b1,...,b; are integral ideals. Let n; € O be a generator of b?n, i.e.

(11) n;0 = bin.

By Dirichlet’s unit theorem, O* is an abelian group of the form Z/2Z x Z" 1.
Obviously O*/0O*? has order 2. Let

(12) U=A{ui,...,usr} C O
be a fixed set of representatives for O*/O*2.

PROPOSITION 2.4: Suppose v € G(F), z,y € G(Agn) such that detz~ly € O
and f"(z~'vyy) # 0. Then there exist i, j and s € F*, such that

(13) dety = s®n;u;.
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Here i, j are uniquely determined by ~, and s is uniquely determined up to +1.
Let ¥ = s~'y € vZ(F). Then

(14) det ¥ = n;u;.

f™(x~tyy) # 0 if and only if we have

(15) sl g e I {gv = (a” b”) € My(0,) 1 ¢y € ‘ﬁv},

veon Co  dy
where § = (0,) is in A}, such that (3, is a generator of b;,.

Proof. If f™(z~'yy) # 0, then z;'yy, € Z(F,)M(n,,M,). Taking deter-
minants on both sides, (detvy), = z2n, for some z, € Ff. Equivalently,
ord, dety = ord,n (mod 2). Therefore, there exists an ideal b such that
(dety) = b?n. The ideal class [b] satisfies (10). By unique factorization of
ideals, b is uniquely determined by 7. We know that [b] = [b;] for some i. Thus
there exists h € F* such that hb = b;. We have (h? det~) = h?b%n = b?n = (n;).
Therefore, h? det v = n;u for some u € O*. Write u = w?u; with w € O* and
uj € U asin (12). Because h is unique up to multiplication by units, u is unique
up to multiplication by squares of units. Therefore, u; is uniquely determined
by 7. Now (hw™!)?dety = n;u;. Letting s = h~'w, (13) holds. It is clear from
the proof that s is unique up to £1.

When 7 = s~ 1y, det ¥ = nju;, thus (det) = (n;) = b?n. Localizing at v, we
have (det 3, 1%) = n,, i.e., (det 8, 'z, 19y,) = n,. The proposition then follows
easily from the previous proposition.

COROLLARY 2.5: Suppose v € G(F), x,y € G(Agy) such that detz~1y € o
and f™(x~yy) # 0. Then there exists ¥ € G(F) such that ¥Z(F) = vZ(F)
and

det ’3/ = n;Ujy.

Here, i, j are uniquely determined by ~ and 7 is unique up to +1. Also, we
have

1Ay e H M5 (O,).
V<00

Proof. This follows easily from the previous proposition, (15) and the fact that
b; is an integral ideal.
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Let n € O. Let QQ be a positive integer. Define

D(n,Q) = { € Q" My(0) /% : det v = n}.

COROLLARY 2.6: Let Ky, =[], K, be a compact subset of G(Agy,). Then
there exists a positive integer ) depending only on K} such that if v € G(F)
and x € K} satisfies f"(z~'yx) # 0, there exist unique i,j and unique 5 €
D(n;u;, Q) with ¥Z(F) = vZ(F).

Proof. From the previous corollary, there exist unique 4, 7,7 € G(F)/+ such
that dety = n;u; and YZ(F) = vZ(F). Because K}, is compact, there exists
a positive integer S such that K}  and Klémfl C S’lMg(@). Again from

2o Ms(Oy)z;t © 5 2My(O). Therefore,

v

the previous corollary, ¥ € []
5 € Q" 'M(O) with Q = S2.

v<o0o

3. Trace formula

In this section, we introduce Arthur’s trace formula as in [Ge|, [Arl] and [Ar2].
In Arthur’s work, the test function is compactly supported. However the func-
tion f = fi f" we constructed is not compactly supported. So extra care should
be taken about the convergence issues. The final formulas and the proofs for
hyperbolic conjugacy classes and the unipotent conjugacy class are not much
different from that of compactly supported test functions. We closely follow
[KL, Chapters 15-22]. Here are few important properties of f = fi f™:

1. f"is bounded and compactly supported modulo Z(Agy). This property
allows us to replace sums over G(F') with discrete sums over matrices.

2. fs, has polynomial decay (see (8)).

3. R(f) is a finite rank operator.

3.1. SIEGEL SETS. Let us recall some properties about Siegel domains ([Go,
Theorem 7]). Let A! be the set of norm one elements in A. Let C; be a
compact subset of A. Let Cy be a compact subset of Al. Let Y > 0 be a real
number. A Siegel domain & is a set of points in the form

R O G
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where x € C1, m € C3, k € K and a real number y > Y. The number y can
be identified with an idele whose infinite components are y and whose finite
components are 1.

When & is sufficiently large, i.e., C; and Cs are sufficiently large and Y is
sufficiently small, we have G(A) = G(F)6.

Let Y’ be a positive number and C’ be a compact subset of R. Let D be the

set:
1/2
()" ) eecusr)
Y

By absorbing the infinite component of m into the y-part and the finite com-
ponent of m into k in (16), we obtain a variant of the Siegel domain:

(17) HDKOQ < [[ &,

v<oo
where K, is an open compact set and is equal to K, for a.e. v. Define K/ =
Ku,. Let K’ =[], K. When C" and K’ are sufficiently large and Y’ is
sufficiently small, we have & C &'. Let 6. = [[;_, DK, .

Let Coi be a compact subset of A. Let Cys be a compact subset of Al. Let
Sg be a set of points in the form of (16) with z € Cy1, m € Cpa, k € K and real
number y > 0. When Cjyy, Cps are sufficiently large, we have G(A) = B(F)&,
and 6 C &y.

From now on, we assume &, &g, &’ and K’ = [[ K/ are fixed as above.

3.2. KERNEL FUNCTIONS. Let f be a continuous function of G(A). The kernel
of R(f) is formally defined as

(18) K(gi,92) = Y g1 "792)-

YEG(F)

When f is a compactly supported function, the kernel function is a finite sum
when g1, g2 belong to compact sets. We are going to prove the absolute conver-
gence and continuity of the kernel function for f = fi f".

Let a, 3 € L*(G). The convolution of a and f3 is given by

(a% f)(2) = /G a(g)B(g ™ a)dg = / a(zg)(g~")dg.

G

This product makes L'(G) into an associative algebra.



352 CHARLES LI Isr. J. Math.

For an integrable function f € L*(G(A)), we give a condition under which
the kernel K(g1,¢2) = Zv f (g7 'vg2) is absolutely convergent and continuous
in both variables. The idea behind the proposition is from [Os, p. 86].

PRrROPOSITION 3.1: Let C7,Cy C G(A) be subsets with compact image in
G(A). Suppose 1,19 are bounded measurable compactly supported functions
on G(A). Suppose f € L*(G(A)) satisfies

(19) f=t1xf =[x

Then for every v € G(F), there exists a real number o, independent of g1 € C4
and go € Cy, such that
/(g1 "v92)] < oy

and

Z Q. < 0Q.

vEG(F)

Proof. Let M be an upper bound for |¢1| and |¢)2|. Then for any (g1, g2) €
Ch x Cg,

| £ (g1 vg2)| = |(1 = ) (g7 vg2)| = ‘ / e1(ha) f(hy g1 " vg2)dha
G(A)

P1(gy " ha) f(hy ' vg2)dhy

B ‘ G(A)
<M £ (hy ' yg2)|dhy.
g1 Supp Y1
Similarly,

F(hr g0)] < M / o T e
g2(Supp o)1t

Thus we can choose

- £ (bt yha)ldhadhy.
Cy Supp 1 J Ca2(Supp )1

Let B C G(A) be a fundamental domain for G(F)\G(A). Let B’ be an open
set, slightly bigger than B. We assume that B’ can be covered by finitely
many translations of B. Because C(Suppt2)~1! is compact, it can be covered
by finitely many open sets of the form vB’ for v € G(F). Hence there exist
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T,¥2y - s Ym C G(F) such that 1B U -+ U, B covers Co(Supp tpa)~t. We

have now

Y ooy < ZM2/

~EG(F) ~EG(F) C1 Supp 1 i=1

<mM2/CS ¢/ > £ (hy "yha)|dhadhy
1°uUpp Y1

YEG(F)

:mM2/ / |£(hy ha)|dhodhy
Cq Suppy1 JG(A)

= mM? meas(Cy Supp ¢1)|| 1 < oo.

/|mﬁwwmm
B

PROPOSITION 3.2: Let f = fif". Suppose T is a subset of G(F'), then
> Flgrtvge)
yel’

is absolutely convergent and defines a continuous function in both variables.

Proof. Because f = fif™ is a continuous function in L'(G(A)) and G(A) is
locally compact, it suffices to find appropriate ¥; and ¥ as above. We construct

1 = 1y first.

_ 1 n: . .
Define g, = rrleas(KU(m))XK0<m)' Because f" is left- Ko (O)-invariant, we have
Yan x [ =N

Let ¢; be a continuous, compactly supported function on B(R) such that
¢i(—b) = (—1)¥¢;(b). Then ¢; can be extended to G(R) b

bi(kob) = e ™90, (b).

Suppose ™ = m,. Let wy, = w, be a lowest weight vector of 7 with norm one.
Then it is easy to show that

7 (ko) (i )we, = ™0 (s )w,

Therefore, W(le)wk = cjwy, for some ¢; € C.
The adjoint of 7r(¢~)z) is 7r(¢~);" ). Using the Iwasawa decomposition G = BK,
we see that

ﬂ@%=é®@ww@%%

By the standard usage of Dirac sequence (see, for example, [La, Section 1.1]),
we can show that the above integral can be arbitrarily close to wy, by suitable
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choices of ¢;. Therefore,

0# (e, 7(&)uwn, ) = (7(@)wn,, wx, ) = el |,
ie., ¢; # 0. Take 1o, = ¢i/ci. Then m(1hoo, )Wy, = wy,. Therefore,
(Yoo; * fr)(9) = du; Yoo, (R)(m(g)wi;, m(h)wy; ) dh
G(R)

= di, (T(g)wi, , T(Yoo, )i,

= dy, (T(g)wx, , wy,)

= fxi(9)-
We can take ¢1 =1 = ([]/_; ¥oo,) X Ysin.

The function - can be constructed similarly. In fact, by the self-adjointness
of f, we can take 1y = 7.

LEMMA 3.3: If ¢ € Ax(MN), then ¢ is a continuous function.

Proof. From the construction of ) = 11 in the previous proposition, R(1))¢ = ¢.
Since ¢ is cuspidal, it is well-known that |R(¢)¢| is bounded [Bu, Proposition
3.2.3]. Let M be an upper bound.

Let V be a fixed open neighborhood of the identity in G(A) with compact clo-
sure. Since v is compactly supported and continuous, it is uniformly continuous
[KL, Proposition 10.11], i.e., for any € > 0, there exists an open neighborhood
U of the identity such that |1(y1) — ¥ (y2)| < € whenever y1y, ' € U. Without
loss of generality, we can assume U C V. For xflxg eU,

R@)S(1) — R()d(2)] = /G 00— v 9oy

<[ W) - v ) le)lds
z1U Supp ¢
< eM meas(V Supp ).
Therefore, ¢ = R(1))¢ is continuous.

When f = fi f", R(f) annihilates A,(9M)+ by Proposition 2.2. Because Ay ()
is a finite dimensional space, R(f) is a finite rank operator and hence is of trace
class. Another way to express the kernel is

(20) ®(g1,92) = Y R(f)$(91)6(92),
¢
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where ¢ runs through an orthonormal basis of Ax(M). It is known that
D(g1,92) = K(g1,92) almost everywhere (see [KL, Chapter 15]). Since any func-
tion in Ak (M) is continuous, ®(g1,g2) is a continuous function. By Proposition
3.2, K(g1,92) is also a continuous function. Therefore, ®(g1,g92) = K(g1,92)
everywhere. One can then easily show that

(21) wR() = 3 (RUond) = [ K (g.9)dg.
® G(F)\G(A)

The Hecke operators R(fxf") on Ax(9) for (n,M) = 1 are commutative
and self-adjoint and thus simultaneously diagonalizable. For 7w € TIx(M), let
Ex(m,M) be a basis for 7N Ax (M) consisting of simultaneous eigenvectors of the
Hecke operators. Let Ey(91) be a basis consisting of simultaneous eigenvectors
of the Hecke operators. We can take Fyx(M) = |J Ex (7, M). We have

(22) K(g1,92) Z Z R(f)e(g1) 80(92).

ety vy M2l el
Define a polynomial of degree n by
i 1)
Xn(2cos0) = Sm(T,L +1) .
sin 6
The main properties of X,, can be found in [Sel].

PROPOSITION 3.4: Suppose n = p™. Then

(23) K(g1,92) = q2'/? Z Z Xn()\u(ﬂ))(p(gl)(p(m).

€T (R) € By (m, ) el el

Proof. Let ¢ be a nonzero element in 7 N Ax(N). Let w, be a uniformizer of
O,. Let x be the character on B(F,) defined by x(¢Y) = x1(a)x2(d), where x;
is the unramified character given by x;(w,) = a;,. Because v { N, 7%+ is non-
trivial. It is known that m, is isomorphic to IndGE ) x. Using the well-known
left coset decomposition of M (n,N),(see KL, Lemma 13.4]), we can show that
R(f)e = qi'? S ab,ab o, The reader is referred to [Ro, Lemma 2.8] for
the case n = 1. Therefore, R(f)p = qff/ Xn(Ay(m))p. The proposition follows

easily from (22).

Let m, be an irreducible admissible infinite-dimensional representation of
G(Fy). Let ¢(m,) be the conductor of m,, i.e., the largest integral ideal c,
of O, such that ml,( olev) g nonempty. For more details we refer the reader
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o [Ca, Theorem 1]. When 7 is a cuspidal representation, m = ®7TU. Define

¢(7) to be largest integral ideal ¢ of O such that 7%°(¢) is nonzero. Obviously,
o ord, C(TK‘U)

C(Tr) - Hy<oo pU

Let a be an integral ideal. Define d(a) to be the number of distinct integral

ideal factors of a. It can be calculated by

d(a) = [ J(ordy(a) + 1).

pla

PROPOSITION 3.5: Suppose n = p™. Then

wR(f) =g/ 3 dO/e(m) X (s ().

eI, (M)

When © € IIx(M), o(m)|N, therefore, /c(m) is an integral ideal and thus
d(M/c(m)) is meaningful.

Proof. By (21) and (23),

tr R(f Z Z X (A ().

Tl (N) p€ By (m,MN)

Tt suffices to show that |Ey (7, M) = dim FKO(m) =d(M/c(m)). By [F1, Theorem
4], the space of K-finite vectors of 7 is in a natural way an admissible irreducible
G(Agpn)-module 78 ~fn and 75~fn can be factorized as & aKo=fin with
nKe=fin an admissible irreducible G(F,)-module. By [Ca, Corollary on p. 306],
if ()|, dlmﬂfé(n“(m) = | dim 7o) = [1,<o0(0rdy (M /c(my)) + 1) =

d(M/c(r)).

v<o0

To get rid of the multiplicity d(9%/c(m)), we can use the technique in [Sel,
Section 5.1]. Here we state the case which is of interest to us.

PROPOSITION 3.6: Let n = p™. Let 9 = P°, where P is a prime ideal and
s is a positive integer. Let f' = fif§, be the test function corresponding to
N = Ps—1, then

trR(f) —tr R(f) = ¢ > Xu(

TEI (M)
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Proof. Obviously I (M) C IIx(91). By the previous proposition

tr R(f) — tr R(f") =q}* > d(N/e(m)) X (Av(T))

€T () —TI(N7)
Ty DS (A e(m) — d(O [e(m)) X (M)
mEIl (M)
It remains to show that all the coefficients of X,,(\, (7)) are 1. If 7 € I, (),
o(m)|N. We have

(P /e(m)) = d(P"" /e(m)) = (ordy(P*/e(m)) +1) = (ordgs (P~ /e(m)) +1) = 1.
If € Tk (M) — I (D), then c(m)|N but + 9. This implies ¢(7) = N. Therefore,
d(M/c(m)) = 1, and the proposition follows.

3.3. THE TRUNCATED KERNELS. Let 7 be the characteristic function of [0, co).
Let T' > 0 be a sufficiently large real number. We now define Arthur’s truncated
kernel as found in [Ge, Lecture II Section 3]

F(9.) = K(g.9) - / 945 undg)dn 7(H (8g) ~T)
6eB<F>\G<F> N ueM(F)
By [GJ, Lemma 5.6], > is a finite sum for fixed g.

For f = fif™, by Proposition 3.2 and the fact that N(F)\N(A) is compact,
we easily see that the integrals

/ S > flg o mmdg)dn
N(F)\N(A)

nEN(F) pe M(F)
/ g Y6t undg)dn
N(A)

GM(F

are absolutely convergent. Thus k7' (g, f) is well-defined.
By Lemma 2.1, when f = fi f",

/ Z flg7 o undg)d Z / g 6t undg)dn = 0.
HEM(F) pEM (F)

Therefore,

K(g.9)=k"(g.])
and hence by (21)

(24) UMﬁz/‘ KT (g, f)da
G(F)\G(A)
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We partition G(F') into an equivalence relation weaker than ordinary conju-
gacy classes. Two elements are equivalent if their semi-simple components are
conjugate in the usual sense (see [Ge, Lecture II] or [Arl, p. 920]). We still call
an equivalence class under this relation a conjugacy class.

Let 0 be a conjugacy class in G(F'). Define

k(9. )

= flg - / > flg 6 umdg)dn T(H (59)-T).
Y€o 6eB(F)\G(F) N(A) nEM (F)No

We have

(25) K(g,9) =k (9, ) = ZkTgf

and we are going to show that each of these terms is absolutely integrable over
G(F)\G(A). Denote

JI(f) = / KT (g, )dg
G(F)\G(A)

We say that v € G(F) is elliptic when it is not conjugate to an upper trian-
gular matrix (over F'), or equivalently, when the eigenvalues of v lie outside F.
An element of G(F) is hyperbolic if it has distinct F-rational eigenvalues. Such
a matrix is conjugate to a diagonal matrix in G(F). We say that v is unipo-
tent if it has a single eigenvalue, occurring as a double root of its characteristic
polynomial.

The characterization of v as elliptic, hyperbolic, or unipotent clearly depends
only on the conjugacy class to which 7 belongs, and is well-defined in G(F).

We say o is elliptic (hyperbolic or unipotent) if v € o is elliptic (hyperbolic
or unipotent). There is only one unipotent conjugacy class.

PROPOSITION 3.7: Letn € O — {0}. Let Q be a positive integer. Then

/ > flg ' v9)ldg

co Y¢B(F),
YED(@,Q)

is finite.

Proof. Denote by F a fundamental domain of R"/o(O). We can assume that
its closure is a parallelepiped with the origin as one of the vertices. We can
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further assume F C [—M, M|" for some positive number M. In what follows
the constants in < depend only on the field F', & _, n, k, Q and M.

If o5(n) < 0 for some i, fx, (95 0i(7)gs0,) = 0 for v € D(n, Q). The proposi-
tion is trivial. Therefore we assume o;(n) > 0 for all i.

We follow the proof of [KL, Lemma 18.3]. Let v = (‘Z;g Z;g) with a,b,¢,d €

0. Let n’ = nQ?. We have ad — bc = n’. Because v is elliptic, ¢ # 0. Obviously
b is uniquely determined by a,c and d.
Below we use a” to represent o;(a) when o € F or G(F). By (17), goo; =

1/2
(oo ,I/Q)kg € Dx Koo,. It is easy to show that | fi (ke, zke,)| = | foo ().
By (8),

1

1_.0;
Fi(950,77 gooi) < ((a% — coiz;)? + (do + coiz;)2 + (Y/eo)2 + 2n/7% )ki/2”

Let e, = (gp1,...,€0,) € F for £ = 1,2, 3. By the elementary inequality zziAQ <
(1 + ‘2 )2 (z+8)2+A2 [KL, Lemma 18.1],

| fei (950077 9o, )| < CiE;,

1
((a% — @iy +€15)? + (d7 + iz + €2:)? + (Y (7 + €34))% + 20/ ki /2

M k; M k; Y/M k;
Ci=(1+ ) (1+ ) (1+ ) < 1.
( V207 V207 V27

Let mz = meas(F) and dey = degy - - - deg-. Then

> fg ')
< Z 2D /// (HE) dedesdes

ce0 deO aEO

_ / / du1 ~du, dvy - - - dv, desy - - - desg,
F eco’€ser JRT JRr [Tz (uf +0f + (Y/(c7f + €3:))2 + 20/7" )ki/2

_ H / / / du; dv; dw;
- (u? + v 4+ (Y'w;)? + 20/ )k /2
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The last line follows by using spherical coordinates and the fact that k; > 4.
Therefore,

/6 Z Jx(g™ vgdg<<1_[////d:vzdyZ

% ~vgB(F),
YED(@,Q)

Remark: Since the central character is trivial, k; is an even number strictly
greater than 2, i.e., k; > 4. The above proof is only valid for this case. For
the case of non-trivial central characters, we have to prove the proposition for
k; > 3. The technique used in the proof of [KL, Lemma 18.3] still works but a
complete proof is more complicated.

COROLLARY 3.8: Let f = fif". Then

/ > ) S vg)dg

YEB(F)
is bounded by a constant independent of 1.

Proof. When g € &', gan € K. Let Q be the integer defined in Corollary 2.6.
By Corollary 2.6, we can replace ZMB(F) by Zi’j ZﬁB(F),veD(niuj’Q). Let x
be the characteristic function of M (n,MN).

/ > ) fI(g  vg)dg

YEB(F)

= 3 D SN TN ITREIT

S L¢B(F),
YED(niu;,Q)

< meaS(Kﬁn)Z/ Z | fel (9™ vg)dyg.
ij V%  y¢B(F),
YED(niuj,Q)

Then the result follows from the previous proposition.

COROLLARY 3.9: Let f = fif". Then
/ > Iflg vg)dg < .
G(FNG(A) v elliptic

Proof. When + is elliptic, v ¢ B(F). Because G(A) = G(F)&’, the corollary
follows easily by the previous proposition.
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ProposiTION 3.10: Let f = fxf". Let o be hyperbolic or unipotent. If
JI(f) # 0, then there exists a diagonal matrix yu = (*,) € Ma(O) such that
p € o, det p = n;u; for some i,j and oy(det p) = o¢(nuj) >0 for ¢ =1,...,r.

Proof. If JT(f) # 0, then either there exist u € M(F), v € G(F), n € N(F)
and g € G(A) such that 4 € 0 and

Flg™ ™ urvg) #0,
or there exist p as above, 6 € B(F)\G(F), n € N(A) and g € G(A) such that

flg~"6" undg) # 0.

By the definition of fy, either det(g5} oe(v) " or(un)oe(v)gos,) = oe(det p) > 0
for all £ or det(gs}oe(0)  oe(p) oo, 0e(6)goo,) = oe(det ) > 0 for all £. By
Corollary 2.5, we can assume p = (“,) satisfying ab = n;u; for some ¢, j and
either
9iny mygin € [ Ma(On) or g5l 6™ pnandgan € [ Ma(O,).
v<00 V<00

M5(0,). As a
result, the characteristic polynomial (z — a)(z — b) is a monic polynomial over
MNy<oo Ov = O. This implies that a,b are in O.

Therefore, un (or png,) is conjugate to an element in [,

Unlike the case F' = Q (cf. [KL, Section 19]), the number of factorizations of
n;u; into ab (a,b € O) is not finite. In fact, ab = (au)(bu~") for any v € O*. In
order to prove the absolute convergence of the hyperbolic terms, we need the
following proposition.

PROPOSITION 3.11: Let u = (*,) € G(F) such that o;(det u) = o;(ab) > 0 for
i=1,...,r. Let u € OF and p,, = ("
containing . Let f = fxf". Then

/ KT (g f)ldg < oo.
G(F)\G(A)

Remark: The conjugacy classes 0, with u € O*/£1 may not be distinct. In

wu-1)- Let 0, be the conjugacy class

weO* /41

fact, if u = b/a is a unit, then 0,, = 0,, if and only if u; = Fug or ujus = +b/a.

Proof. We follow the arguments given in [KL, Theorem 19.5]. We break o,, into

two parts:

0, =0,NB(F) and ol =0, — o).
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We break k:oTu (g, f) into two parts corresponding to this partition of o,,:

k?ﬂ(g,f) = kzju(gaf) +K0Z(gag)a

where
=Y flg"9)
y€Eol,
-y > flg~r o undg)dn(H(5g) — T)
SEB(F\G(F) ve M (F)no, » N (&)
and

Koy(9.9)= Y flg~"v9).

’YEU”
Let B C 6 be a fundamental domain of G(F)\G(A). By Corollary 3.8,
> /IK~ 9,9 |dg<2/ > g7 vg)ldg < oo.
u€0* /+1 VEB(F)

It remains to show that -, . /4y [5 |k (9, f)|dg < oo. For & € A, v e M(F),

define
Dy.(8) = f(g_1V(1 f)g)-

For t € A, the Fourier transform of @, is

B0 = [ f<911/<1 f)g)o(éwds,

where 6 is a fixed non-trivial character on F\ A. We follow the arguments given
in [Ge, Lecture I1.4] and [KL, Theorem 19.5]. Let g € & with H(g) > T. Use
the notations in (16),

(1 z y1/2 m _
9—( 1)( Y B Hlg)=logly| 2 T.

Let £ be an integer > 2. The proposition follows if we can show that

Z Z a\)g,uu(ﬁ) < Ay—€7

w€O* J£1 BEF*

where A is a constant that does not depend on g (see [KL, (19.4)]).
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Let ¢1,...,¢, be integers > 2. Let t € A% . Below all the constants in < do
not depend on g, t or u. By [KL, Lemma 19.11],

~ 1 )
(bga/"“tuooi(tooi) < |t i /11|q)é€712u7m1(s)|d8
004

Simple calculation shows that (see [KL] proof of Proposition 19.12)

(/fga Mo ;004 (tooz)

/ ly~tmloi(au)|fids
“Jr ((loi(aw)| + |oi(bu=)])2 + [y~tmac, o4 (au)[2s?) (00 /2
ly~tm oi(au)

-1 1 / ds
(Jo3(au)| + fors D o [ Sy (14 52) 0420/

< 1
[too:

< 1 1 1 / ds
(os(au)] + los(bu) [ [tos, | =1 J 1+ 52
1 1 1
(loi(u)| + s ()= 1)2 |too, |4 yti—1"

<

Since Gg.an is a compact set, it can be covered by finite cosets in the form
of zKo(M), v € G(A)an. We can show that Supp 697 1 ,fin 18 @ compact set
independent of g and u by following the argument of the proof of Proposition
19.12 on p. 258 in [KL]. Suppose the support C 131(5 for some positive integer
M. For every o € O, we construct an r-tuple of positive integers (¢n1, ..., lar)
as follows

4 if o5(a) <1
{4+ 1 otherwise.

eai -

In other words, |o;(a)|* = |o;(a)|* max(1, |o;()]). For g = 2 € L O—{0},

1@, (B)]

1 i Mtei
€I o)+ sty 2 L yte, g
- 1 ( 1 1 ) M
= T (o)l + o (@)% \ | Noyq(@) ¢ T, max(L, oy (@) ) yte=r

§ 1 1 1 M7'(€+1)
< 10 o )40 1l T 1+ ) e
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Therefore,

SN 12 .(8)

ueO*/+1 BEF*

( 2 [1i=1 (loi(u )|1+ Iai(U)‘1|)2>

ueO* /+1
1 1 1
X . .
(aeoz:{O} |NF/Q(04)|Z Hi:l(l + |‘7i(04)|)) ye=r

The convergences of the summations over u and « are proved in the next two
lemmas. Therefore

1 1
)DID DI R

ueO*/+1 BEF*

This completes the proof.

Let A = {(log|o1(u)|,...,log|os(u)]) : w € O} be a sublattice of Ly =
{(z1,...,2,) ER" :xy +- -+, =0}

LEMMA 3.12:

1
2 T (o ()] + o ()12 = >

ueO* /+1

Proof.

1
2 [Tizy (s (u)] + loi (u ZHH@ +emhi)?

ueO* /£1 AeA

d$1 e dac,._l
< e
1+ +x,.=0 Hi:l(e ite 7’)

dIl s dIT,1
Rr—1 H;:l (efbi + 6*931')2
LEMMA 3.13: Let £ > 2 be an integer. Then

< 00.

1 1
2 INesa(@)f Ty (1 [oa@)]) =

acO—{0}
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Proof. The summation is equal to

1 1
2 [ Neja(a)lf Hz o (@2 [Tizy (fos ()2 + [os(a)|71/2)

acO0—{0}

1
=2 O% o |NF/Q |€+1/2 /\ZA e()\i+log|ai(a)|)/2 + 67(/\i+log|ai(a)|)/2)
acO* — S
dl‘l s d’JJT,1

1
€ et INF/Q<a>|€+1/2 J. H;-:l(eaog|g,.,<a>|+w2 + e~ log s @)l +202)

dIT 1
< Z €+1/2 / r— 1 -
principal ideals () | | H 6 1/2 +e 1/2)
1
< Z IN(a)|t+1/2 < 0.

a all integral ideals

PROPOSITION 3.14: Let vy = () be a hyperbolic element such that o;(ab) > 0
for i =1,...,7. Let o be its conjugacy class. Let f = fuf". Then kIl (g, f) is
absolutely integrable over G(F')\G(A) and

26 JL() = meas(F\AY) [ Fg~200) (T~ o(0))do.

M(ANG(A)
where v(g) = H(g) + H(wg). The height function H is defined few lines before
Section 2.1.

Proof. The proof is divided into two steps:

STEP 1: Arthur’s modified truncated kernel function

(9. f)=Kg9)— > SN flgtetuvdg) T(H (69) — T)

SEB(F)\G(F) veN(F) peonM(F)

is absolutely integrable over G(F)\G(A) and

/ kL (g, f)dg = / kL (g, f)dg
G(F)\G(A) G(F\G(A)

STEP 2: fG(F)\G(A) EoT(g,f)dg is equal to the right hand side of (26). The
proof for compactly supported f and F = Q can be found in [Arl, Section 8]
or [Ar2, Section 11]. The reader is referred to [KL, Section 20] for a proof for
f = fuf™ and F = Q. With some obvious modifications, the proof in [KL] can
be generalized to other F.
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COROLLARY 3.15: Let v = (“ ) be a hyperbolic element such that o;(ab) > 0
for v =1,...,r. Let o be its conjugacy class. When f = fyf", the constant
term of JI'(f) is 0.

Proof. By [KL, Proposition 20.6], the integrals of the constant term and the
coefficient of T" in (26) are absolutely convergent. By (26), the constant term
of JI(f) is given by

(27) 7meaS(F*\A1) / f(l‘il’)/ol‘)’l)(x)dl‘.
2 M(A)\G(A)

The above integral is called a weighted orbital integral. The orbital integral

/M(R)\G(R) Fulg™ oi(0)a)dg = /R e ((1 1t) (Ui(a) fn(b)) (1 D)dt
L))

The last step is from Lemma 2.1. The discussion in [Ge, Lecture V] (especially
Proposition 1.1) shows that if the local orbital integrals vanish at 2 distinct
places vy and vg, then the the weighted orbital integral (27) vanishes. Taking
V1 = 001,V = 0032, we can show that the weighted orbital integral is 0.

LEMMA 3.16: Let f = fuf".

e (o)) [, s et -1

is absolutely integrable over B(F)\G(A).

Proof. Tt suffices to show that (28) is absolutely integrable over &,. We follow
the proof of [KL, Lemma 21.3]. It remains to show that

(29) 3 f(gl (1 j)g>

teF~
is absolutely integrable over 87 = {g € & : H(g) < T}. Because So.fin 18

a compact set, it is easy to see that the support of ¢t — fﬁn(ggnl( 1 f)gﬁn) is
compact, and hence is contained in I&IO for some positive integer M. Using the
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notation in (16), by (8) we have

1
(29) <« , _
OZ{} [Ty (4 + y=2mad M =20, (1)2)1/2

We have the following inequalities
1 - M?m2, y* 1 1
A4+y2mE M~20(t)> = oi(t)? 7 d+ymal M 20i(1)? T 4
For t € O — {0}, there exists two different indexes i, j (depending on t) such
that |o;(t)o;(t)] > 1. Otherwise 1 > H#j loi(t)oj ()| = | Ngg(t)|"~t > 1.
This is absurd. We apply the first inequality to ¢ and j. We apply the second
inequality to other indexes.

29) < Y ‘92 !

&0 2 T (4 y2mad M20,(1)2) /2

1
<y’ . _ ,
teoz:{O} [Tio (4+ €_2Tm<>027:M_Qai(t)Q)(kl_l)/Q

9 dry -+ - dx, 9
<y r i—1y2 LY
"l A+ 2™

T

N d
/ (29)dg <</ / / y? ‘gdmdax<oo.
&7 Co1 JCo2 JO Y

PROPOSITION 3.17: Let f = fif". When o is unipotent,
(30)

JL(f) = meas(G(F)\G(A))f(e) + f.p.,_1 C(T, s) + Tmeas(F*\A") /A U(t)dt,

Therefore,

where e is the identity matrix,

\Iz(t)z/Kf(k—l(l Dk)dk,

and f.p.,_1C(V,s) is the finite part at s = 1, i.e., the constant term of the
Laurent expansion about s = 1 of the Tate integral

(T, 5) :/*\I/(a)|a|5d*a.
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Proof. When f is a compactly supported function, see [Ge, Lecture IV Propo-
sition 1.2] or [GJ, p. 235-238] for the proof. The proof can be generalized to
f = fef" (see [KL, Chapter 21] for the case of ' = Q). By replacing [KL,
Lemma 21.3] by Lemma 3.16, the proof in [KL] can be generalized to other F’
with some obvious modifications.

PROPOSITION 3.18:
C(\I/ooi,s):/ /K Fu (k1 (3 9Vl dk d*a

is absolutely convergent when 0 < Res < k; and hence defines an analytic
function for 0 < Re s < k;. It has a zero at s = 1.

Proof. The absolute convergence follows from the bound (8), see [KL, Section
25.1]. The proposition follows easily from Lemma 2.1 by switching the order of
the integrals and taking s = 1.

PROPOSITION 3.19: (W, s) has a zero at s = 1. i.e.

f.p.—1C(¥,s) =0.

Proof. Let U, (t) = fKU fo(k=H (P H)k)dk. Let Vg, =[], .o Yo When o fn, ¥,
is the characteristic function of O,,. By Tate’s theory, {(¥sy, s) is a meromorphic
function with the only possible simple pole s = 1 in Re s > 0. By the previous
proposition, the order of {(¥,s) at s =1isr—12> 1.

COROLLARY 3.20: Let f = fixf". When o is unipotent, the constant term of
Jg (z, f) is meas(G(F)\G(A))f(e).
Proof. This follows easily from the previous proposition and Proposition 3.17.

THEOREM 3.21: Let f = fif", then

tr R(f) = meas(G(F)\G(A))/(e) + / S f(g~ 0)ds,

GUN\G(A)

~elliptic

where e is the identity matrix.

Proof. When o is elliptic, kI (g, f) = Zwen (g~ vg). Thus ", liptic kI'(g,f)=
> ellipticf(g_lfyg). By Corollary 3.9, the sum is absolutely integrable over

G(F)\G(A).
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The number of a € O/O* such that a|n;u; is finite. Therefore, by Proposi-
tions 3.10 and 3.11, fG(F)\G(A) > 1kE (g, f)dg < oo. By (24) and (25),

wR()= [ S (g

(FNG(A)
-/ ONICRETT R SR (1))
GING(A) ) cniptic o hyperbolic or unipotent

The right hand side is a linear function of T" but the left hand is independent
of T'. Thus the coefficient of T is zero. The result now follows easily from
Corollaries 3.15 and 3.20.

4. The Distribution of Hecke Eigenvalues

LEMMA 4.1: Let 2 be a prime ideal of O. Let w be the corresponding valuation.
Suppose v € GL2(O,,) with (dety) = ny,. Let x,, be the characteristic function
of M (1, My).

If v is not conjugate to (* %) in M2(Oy/MNy) (when N4 2, this is equivalent

to (try)? —4dety ¢ Ny,), then
/ Yoo (k™1 yk)dk < 290(My,) L.
Kuw

Proof. The inequality is trivial if the integral is zero. By Lemma 2.3, ., (k~vk)

= (1)
(mod M,,). If the above integral is nonzero, then there exists kg € K, such
that kg 'vko = (&5) (mod M,,). Notice that Oy, /M, is a finite field. If a # d
in Oy, /Ny, we can find t € O, such that (1 1)71(al)(11)=(?,) (mod Ny).
Therefore, without loss of generality we can assume b = 0. A simple calculation
shows that k(2 9)k = (* %) (mod My,) if and only if k € Ko(MNy,) or k €
(9 §)Ko(My). Thus in this case

is nonzero if and only if k~'vk € M(n,,My,), equivalently k~yk

/K ) X (k™ k) dk = meas(ko Ko(My)) + meas (ko (? (1)) Ko(mw))

= 2tp(My,) .
This proves the lemma.

PROPOSITION 4.2: Let ; be a sequence of prime ideals as described in Theo-
rem 1.1. Recall that fg is the finite part of the test function corresponding to
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M =N,. Then
lim " / $O) " (fie X f,) (g T vg)dg = 0.
oo ~ etiipic ¥ G(FO\G(A)

Proof. When g € &', by Corollary 2.6 we can replace Zv elliptic by

i elliptic,

YED(mpuj,Q)

Now

If(g~ vg|d9</ (97 "vg)|dg
/G<F>\G<A> 2 2 I

~ elliptic ~ elliptic

—Z > / (97"9)ldg.

~ elliptic,
YED (ugn;,Q)

Let xi, be the characteristic function of M (n,,M;y). Let x; be [, .o Xiv-
The proposition follows if we can prove that
lim ) / (fe x x0) (g~ "v9)ldg = 0.

~ elllptl(,
‘YGD(nlu

Since N(9t;) — oo, we can assume N; 1 2Qby - - - by. Let w; be the valuation
corresponding to 91;. When 9%; is sufficiently large, K, = K,,. For fixed
ny, uj, partition the elliptic elements v € D(neu;, Q) into two sets: S; =
{v: (trQv)? —4detQy ¢ 9} and So = {7 : (tr Qv)? — 4det Qv € M;}.

Since M; 1 Q, v € M2(O,,). Since N; { by, 0O, = ny, by (11). Apply the
previous lemma and Proposition 3.7 for the first set Sy,

Z/ (fe x xi) (g~ "79)|dg

vesy

= Z/ |fk 9o ’Ygoo)dgoo/ qul(gwl YGw; dgwl H / Xiv gv ’ygy)dgv
~YES1 “’i vEw;

<2000 T measi) [ 3 g v s < 00

vAwWw; ~ elliptic,
YED(npu,;,Q)

Notice that ¥ (9;)~! — 0 when i — oc.
For the second set S, let a be an integer > 1. When ~ is elliptic,
(tr Qy)? — 4det Qy # 0. Therefore, | Ny, o((tr Qv)? — 4det Qv)| is a positive
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integer. Consider the following summation

Ba = > / | fl (97 " vg)dg.

v elliptic, Y€ D(neu;,Q), %
INp/qQ((tr Qv)?—4det Qy)|=a

From Proposition 3.7, )~ -, B, is convergent. Therefore, ) - , B, — 0, when

A — oo.
When v € Sa, N(OG)| Ny q((tr @)% — 4det Q). Thus

| Nr/q((tr@v)? —4det Qv)| > N(;).

We have
Z / (fx x Xi)(g_l’yg)dg‘ < meas(Kf,) Z B, — 0 when i — .
YES2 &’ a>N(1;)

This completes the proof.
PROPOSITION 4.3: Let n = p™, then

lim >t Xn(Ao(T)) B g ™? if 2|n,
=00 1L (9%;) | 0 otherwise.

Proof. Let M = M;. Let x§; be the characteristic function of [[, . M (n,, Ny).
Using the trace formula in Theorem 3.21 and the previous proposition, we have

(B1)  trR(fefn) = meas(G(F)\G(A))Pp(N) fu(e)xm(e) + o(4(N)).

Obviously, tr R(fxf&) = O(1) = o(y(M)). Therefore, by Proposition 3.6, we

have

(32) 7% D Xu(ho()) = meas(G(F)\G(A) (M) fu(e)x(e) + ot (M)
wEIL (M)

Following the argument in Proposition 2.4, we can show that x;(e) = 1 only if

there exists an ideal b such that b?n = (1), i.e., n is even. Under this assumption,

b =p~"/2 and x5 (e) = 1 if and only if b 'e = pZ/Qe C M(ny,M,,) for all finite

places w, which is automatically true. Therefore,

1 if 2|n,

xm(e) =
0 otherwise.

Taking n = 0 in (32), we have
(33) (N[ = meas(G(F)\G(A))Y(N) fe(e) + o((MN)).
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The proposition follows easily by taking the quotient of (32) and (33).

Proof of theorem 1.1: From [Sel, (17)],

v +1

_ = Q7J_"LX2m(x)-
(@' + g0 /?)2 — a2 mzzo

By the orthonormality of {X,,} relative to dus [Sel, (16)] and the previous
proposition, we have

) Xn )\’U s
(34) i Zﬂenk|%z;)(mi)T (7)) Z/RXn(x)duv(:B).

The values A, (7) are contained in a finite interval I, [Ro, Proposition 2.9]. We
can take I, = [—2, 2] if we assume the validity of the Ramanujan conjecture but
we do not need this strong result. Because polynomials are dense in L*(I,),
(34) remains true if we replace X,, by an arbitrary continuous function. This
proves the main theorem.
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